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Abstract
In this short note, we show an analogue of one of Alladi’s and Dawsey’s
formulas with respect to the Ramanujan sum cn(m) for m > 1. Their
formulas may be viewed as the case m = 1 in our result.
Keywords: Ramanujan sum, Mobius function, Chebotarev density, lease prime
divisor, prime number theorem.
1 Introduction and statement of results
Let ζ(s) be the Riemann zeta function defined by ζ(s) =
∑∞
n=1
1
ns for Re s > 1.
Let µ(n) be the Mo¨bius function defined by µ(n) = (−1)k if n is the product
of k distinct primes and is zero otherwise. It is well-known (e.g., [5]) that the
prime number theorem is equivalent to
∑∞
n=1
µ(n)
n = 0, or equivalently,
−
∞∑
n=2
µ(n)
n
= 1. (1)
Let k > 1 be an integer. In 1977, Alladi [1] refined Eq. (1) to a formula on
primes in arithmetic progressions. Explicitly, he showed that for any integer ℓ
with (ℓ, k) = 1, we have
−
∑
n>2
p(n)≡ℓ(modk)
µ(n)
n
=
1
ϕ(k)
. (2)
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where p(n) is the smallest prime divisor of n and ϕ is the Euler totient function.
In 2017, Dawsey [4] first generalized Alladi’s formula (2) to the setting of
Chebotarev densities for finite Galois extensions of Q. In 2019, Sweeting and
Woo [10] generalized Eq. (2) further to number fields and Kural, McDonald
and Sah [7] generalized all these work to general densities of sets of primes.
In [12], we showed an analogue of Alladi and Dawsey’s result with respect to
the Liouville function. Here we will show another analogue of their work with
respect to Ramanujan sum, leaving the investigations of analogues of results in
[10] and [7] to the interested readers.
For any positive integers n and m, the Ramanujan sum cn(m) to modulus
n is defined as
cn(m) :=
∑
16q6n
(q,n)=1
e
2piiqm
n ,
which was introduced by Ramanujan [9] in 1918. For fixed m, cn(m) is multi-
plicative on n and cn(1) = µ(n).
Let K/Q be a finite Galois extension and let G := Gal(K/Q) be the Galois
group. For unramified prime p, set
[
K/Q
p
]
:=
{[
K/Q
p
]
: p ⊆ OK and p|p
}
where
[
K/Q
p
]
is the Artin symbol for Frobenius map. It is well-known that[
K/Q
p
]
is a conjugacy class in G. Our main result in this note is the following
analogue of Dawsey’s result.
Theorem 1.1. Let m > 1 be an integer. Let K be a finite Galois extension of
Q with Galois group G = Gal(K/Q). Then for any conjugacy class C ⊆ G, we
have
−
∑
n>2
[K/Qp(n) ]=C
cn(m)
n
=
|C|
|G|
. (3)
Note that Dawsey’s result is the result of Eq. (3) for m = 1 due to cn(1) =
µ(n). As in [4], if K = Q(ζk) where ζk is the k-th primitive unit root and C =
2
the conjugacy class of ℓ, we get the following analogue of Alladi’s formula with
respect to Ramanujan sum cn(m).
Corollary 1.2. Let k > 1, ℓ be integers and (ℓ, k) = 1. Then for any m > 1,
we have
−
∑
n>2
p(n)≡ℓ(modk)
cn(m)
n
=
1
ϕ(k)
. (4)
2 Ramanujan sum and Mo¨bius function
Let m > 1 be a fixed integer. The Ramanujan sum cn(m) is closely related to
the Mo¨bius function µ(n). For instance, it is well-known (e.g., [8]) that
cn(m) =
∑
d|(n,m)
µ
(n
d
)
d, (5)
from which we get that cn(m) = µ(n) for (n,m) = 1. See [8] for more properties
of cn(m). In this section, we mainly prove the analogue of Theorem 6 in Alladi’s
work [1] with respect to cn(m).
Theorem 2.1. Let P (n) be the largest prime divisor of n. Then for any bounded
function f , we have ∑
n6x
f(P (n)) ∼ δ · x (6)
if and only if
−
∞∑
n=2
cn(m)f(p(n))
n
= δ. (7)
Proof. By Theorem 6 in [1], it suffices to prove that
∑
26n6x
cn(m)− µ(n)
n
f(p(n)) = o(1). (8)
First, by Eq. (5) we have
cn(m)− µ(n) =
∑
d|(n,m)
d>1
µ
(n
d
)
d.
3
It follows that the left side of Eq. (8) can be rewritten as follows
∑
26n6x
cn(m)− µ(n)
n
f(p(n)) =
∑
26n6x
∑
d|(n,m)
d>1
µ
(
n
d
)
n
d
f(p(n))
=
∑
d|m
d>1
∑
16n6 xd
µ(n)
n
f(p(dn)) (9)
For the inside summation, we set p(1) = ∞ for convenience. Then we
separate Eq. (9) into two parts:
∑
16n6x
µ(n)
n
f(p(dn)) =
∑
16n6x
p(n)>p(d)
µ(n)
n
f(p(d)) +
∑
16n6x
p(n)<p(d)
µ(n)
n
f(p(n))
= f(p(d))
∑
16n6x
p(n)>p(d)
µ(n)
n
+
∑
p<p(d)
f(p)
∑
16n6x
p(n)=p
µ(n)
n
= f(p(d))
∑
16n6x
p(n)>p(d)
µ(n)
n
−
∑
p<p(d)
f(p)
p
∑
16n6 xp
p(n)>p
µ(n)
n
(10)
Now we consider the summation
M(x, y) :=
∑
16n6x
p(n)>y
µ(n).
By Eq. (3.5) in [2], for fixed y, we have
M(x, y) = O
(
x · exp(−c1
√
log x)
)
, (11)
where c1 is a positive constant depending only on y. Then by partial summation,
we get that ∑
16n6x
p(n)>y
µ(n)
n
= O
(
exp(−c2
√
log x)
)
(12)
for some constant c2 > 0.
Hence combining Eq. (9), (10) and (12), we get that
∑
26n6x
cn(m)− µ(n)
n
f(p(n)) = O
(
exp(−c3
√
log x)
)
(13)
4
for some constant c3 > 0. This gives Eq. (8) and hence the theorem.
Remark 2.2. As a corollary of Theorem 3 in [11], one can also conclude a weaker
bound of Eq. (12) which is sufficient to the theorem:
∑
16n6x
p(n)>y
µ(n)
n
= o(1).
3 Proof of Theorem 1.1
Theorem 3.1 (Theorem 2, [4]). Under the notations and assumptions of The-
orem 1.1, we have
∑
26n6x
[ K/QP (n) ]=C
1 =
|C|
|G|
· x+O
(
x · exp(−c4(log x)
1
3 )
)
, (14)
where c4 > 0 is a constant.
Proof of Theorem 1.1. Define the function f(n) by
f(n) =


1, if
[
K/Q
p
]
= C, n = p > 1;
0, otherwise.
This is a bounded function. By Theorem 3.1 above,
∑
n6x
f(P (n)) ∼
|C|
|G|
· x.
Then by Theorem 2.1, we have
−
∞∑
n=2
cn(m)f(p(n))
n
=
|C|
|G|
,
which turns out to be Eq. (3). This completes the proof of Theorem 1.1.
Remark 3.2. Combining Eq. (10) in [4] and Eq. (13) in Theorem 2.1 gives an
error term estimate for Eq. (3):
−
∑
26n6x
[K/Qp(n) ]=C
cn(m)
n
=
|C|
|G|
+O
(
exp(−c5(log x)
1
3 )
)
, (15)
where c5 > 0 is a constant.
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Remark 3.3. In general, Theorem 1.1 holds for the following generalized Ra-
manujan sum cn(m; s, g) which is defined as (e.g., [6])
cn(m; s, g) =
∑
d|n
ds|m
g(d)µ
(n
d
)
for any fixed integers m, s > 1 and any arithmetic function g with g(1) = 1.
When s = 1 and g(d) = d, cn(m; s, g) = cn(m) is the classical Ramanujan sum;
when g(d) = ds, cn(m; s, f) is the Cohen-Ramanujan sum [3].
Remark 3.4. Using the arguments in this note, one can also show that for
(ℓ, k) = 1, we have
−
∑
n>2
p(n)≡ℓ(modk)
µ(mn)
n
=
µ(m)
ϕ(k)
(16)
and Theorem 1.1 with respect to µ(mn) for any fixed m > 1.
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